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w xLet k be an algebraically closed field and let S s k x , . . . , x . Let M be a1 m
 .2 = n matrix of linear forms of S and let I M denote the ideal generated by the2
determinants of the 2 = 2 minors of M. We study in this paper the minimal finite
 .free resolution of SrI M as an S-module. M corresponds to a certain 2-2
dimensional vector space L of m = n matrices, that is, to a matrix pencil. The
Kronecker]Weierstrass theory of such matrix pencils provides a normal form for
 .L, and we characterize the resolution of SrI M in terms of this normal form. In2
particular, if the general element of L is injective, we explicitly construct the
 .minimal resolution of SrI M by repeated application of the horseshoe lemma.2
 .For any M, we express the regularity of SrI M as a function of the invariants of2
L. Q 1997 Academic Press
1. INTRODUCTION
The 2 = 2 minors of a 2 = n matrix M of linear forms often generate
 .an ideal I M defining an interesting projective variety. The Segre2
embedding of P1 = P ny1 in P 2 ny1, for example, is cut out by the minors
of the matrix
x x ??? x0 2 2 ny1 1.1 .x x ??? x /1 3 2 n
and more generally, the homogeneous ideal of the rational normal scroll
 1 ny1 .S P = P above is S is generated by the minors of thea , . . . , a 1, . . . , 11 a
39
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matrix
x 1. ??? x 1. ??? x a. ??? x a.0 a y1 0 a y11 a
1. 1. a. a. /x ??? x ??? x ??? x1 a 1 a1 a
w 1. 1. a. a.xin k x , . . . , x , . . . , x , . . . , x .0 a 0 a1 a
 .We may write any 2 = n matrix of linear forms as the image of 1.1
 .after factoring out a set of linear forms. In this way the study of I M is2
w xrelated to the study of linear sections of scrolls, as in 7 .
 .The ideals I M are also interesting from a commutative algebra2
perspective because they possess a large number of interesting syzygies. In
fact if we think of M as a map F ª G, where F and G are free S-modules
of ranks n and 2, respectively, then we always have the Eagon]Northcott
w xcomplex 2
n ny1
0 ª D G* m F ª D G* m F ª ???H Hny2 ny3
3 2
ª D G* m F ª D G* m F ª S ª SrI M ª 0. 1.2 .  .H H1 0 2
 . w x  .The height of the ideal I M is always Fn y 1 5, 2 , and when I M2 2
has codimension n y 1 we say that it has generic codimension. In this case
the Eagon]Northcott complex is exact and gives a minimal finite free
 .  .resolution for SrI M as an S-module, and SrI M is Cohen]Macaulay.2 2
Our goal in this paper is to determine the minimal resolution in some of
 .the cases where I M does not have generic codimension. We use the2
 . w xHilbert function of SrI M , determined in 1 , to prove the exactness of a2
 .sequence of modules involving SrI M , and we use the associated map-2
 .ping cylinder to construct a resolution of SrI M .2
2. PRELIMINARIES
Let k be an algebraically closed field and let V be a vector space of
dimension m. Let S s Sym V * and let M be a 2 = n matrix of linear
 .forms of S. Let I M ; S denote the ideal generated by the 2 = 2 minors2
of M, and let
f f f fd dy1 2 16 6 6 60 ª F F ??? F F s S ª SrI M ª 0 2.1 .  .d dy1 1 0 2
 .  .be a graded finite free resolution of SrI M . We say that 2.1 is minimal2
 .  .if f F ; m F for all i. The minimal graded free resolution of ai i iy1
module is unique up to isomorphism, so we may speak of the minimal
 .finite free resolution of SrI M as an S-module. We may write2
b i , jF s S yj , .[i
jgZ
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 .where S yj denotes the graded free module with generator in degree j.
 .The b are called the graded betti numbers of SrI M . In our casei, j 2
 .  .I M is generated by quadrics and 2.1 is minimal, and we may even write2
 . b i, j  .F s [ S yj when i G 1. The regularity of SrI M equalsi 2jG iq1
 4max j y i q 1 N b / 0 . Some of the simplest resolutions in commutativei, j
 .algebra, such as the complex 1.2 , have regularity 2, and these we call
2-linear.
3. KRONECKER]WEIERSTRASS THEORY
AND NORMAL FORMS
If we let U and W denote k-vector spaces of dimensions 2 and n,
 .respectively, then M can be viewed as a map V ª Hom W, U . A different
 .choice in basis for U and W does not change I M , and a change in the2
 .  .basis of V gives an isomorphism S ª S sending I M to I M9 . So the2 2
 .  .resolution of SrI M only depends on the map V ª Hom W, U repre-2
sented by M.
For the most part, then, our work depends on our being able to find a
 .normal form for the map V ª Hom W, U represented by M. We may also
 .view this as a map U* ª Hom V, W * . Since U* is 2-dimensional, its
 .image L under this map has dimension F2. If dim L F 1, then I M s 0,2
so we may assume that dim L s 2, and then a normal form for M is
 .equivalent to a normal form for L ; Hom V, W * .
 w x w x.THEOREM Kronecker, Weierstrass, 4, 6 ; cf 3 . Let L ; M be am , n
2-dimensional linear subspace of the space of m = n matrices o¨er an
algebraically closed field. There exist A and B spanning L and C and D of
GL and GL , respecti¨ ely, such thatm n
C A q xB D .
L¡ ¦a1
. . .
Laa
TLb1
. .s ,.
TLbb
Jg , l1 1
. . .¢ §Jg , lc c
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where
« q 1 columns
1 x ??? 0 0
0 1 x ??? 0
L s . .« 0 0 . . 0. . 0
0 0 ??? 1 x
and
g columns
l x q 1 x ??? 0 0
0 l x q 1 x ??? 0
. . . . .J s . . . .g , l . . . .
0 l x q 1 x 0
0 0 ??? l x q 1
Under this choice of bases, M is written as the concatenation of blocks
of the form
x  i. x  i. ??? x  i.0 1 a y11
 i.  i.  i. /x x ??? x1 2 a i
y  i. y  i. ??? y  i. 00 1 b y2i
 i.  i.  i. /0 y ??? y y0 b y3 b y2i i
z  i. z  i. ??? z  i. z  i.0 1 g y1 g y1i i , i.  i.  i.  i.  i.  i.  i. /z q l z z q l z ??? z q l z l z1 i 0 2 i 1 g y1 i g y2 i g y1i i i
where 1 F i F a, 1 F i F b, and 1 F i F c, respectively, and all of the x  i.,j
y  i., and z  i. are independent linear forms of S. These blocks we refer to asj j
scroll blocks, nilpotent blocks, and Jordan blocks, respectively. Therefore
for our purpose M is reduced to the set of discrete invariants a, b, c, a 's,
.  .b 's, and g 's and a set of continuous invariants the eigenvalues l , . . . , l .1 c
By this theorem and our comments above it will be enough to construct
 .the resolution of SrI M when M is in this form, which we call the2
Kronecker]Weierstrass form. The Kronecker]Weierstrass form for M is
not unique. For example, suppose that M is a concatenation of scroll
1 0blocks and Jordan blocks. Multiply M on the left by . This /l 1
transforms the Jordan blocks with eigenvalues l , . . . , l into Jordan1 c
blocks with eigenvalues l y l, . . . , l y l, l y l, but the scroll blocks1 cy1 c
RESOLUTION OF 2 = 2 MINORS 43
are no longer in scroll form. However, by multiplying on the right by an
appropriate matrix, we can return them to scroll form without affecting the
other blocks. Indeed, multiply M on the right by the matrix
C1
. . . ,
Ca 0
IdG , G
where
a y12 3 i¡ ¦1 yl l yl ??? yl .
a y 1 a y2i2 i0 1 y2l 3l ??? yl . /a y 21
. .. .. .C si
a y 1 2i yl . /2
. . a y 1 yl .  .i.¢ §
1
and G s c g . After this is done, the ith scroll block takes the formis1 i
x i x i y l x i x i y 2l x i q l2 x i0 1 0 2 1 0
i i i i 2 i x y l x x y 2l x q l x ???1 0 2 1 0
a y 1j ia y1 j ii???  y1 l x .js0 a y1.y j1 /j
.
aj ia j ii???  y1 l x . 0js0 a yj1 /j
If we now take x i , x i y l x i , x i y 2l x i q l2 x i , etc. as our new basis for0 1 0 2 1 0
the space of forms in this block, it is clear that it is in scroll form.
We can express the property that M has no nilpotent blocks in its
Kronecker]Weiserstrass form in the following way. Let a generalized row
of the matrix M be a linear combination of the rows of M. Then we can
say that M has no nilpotent blocks in its Kronecker]Weierstrass normal
form if and only if the entries of all but finitely many generalized rows
 .mod k* have linearly independent entries.
In terms of the matrix pencil, the description is even simpler. The matrix
M has no nilpotent blocks in its normal form if and only if the general
element of the corresponding matrix pencil is an injection.
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4. THE RESOLUTION
LEMMA. Suppose that M is a 2 = n matrix of linear forms in
Kronecker]Weierstrass form with no nilpotent blocks, and with at least one
Jordan block with eigen¨alue 0. Let
z z ??? z z0 1 gy2 gy1
z z ??? z 0 /1 2 gy1
be the shortest such Jordan block of M where we ha¨e dropped the super-
.   . .scripts for clarity. Then the ideal I M : z is generated by the ¨ariables2 gy1
in the bottom row of M.
zgy1Proof. Let M9 be the matrix obtained from M by deleting the  /0
zgy2column from M and replacing the variable z in the column withgy1 z /gy1
0. Let J be the ideal generated by the variables of the bottom row of M.
Then we have a complex
zgy1 6
0 ª SrJ SrI M ª Sr I M9 , z ª 0, .  . .2 2 gy1
which we now show to be exact by comparing the Hilbert series of the
three modules. Let A s a a . Let m , . . . , m denote the distinct eigen-is1 i 1 k
values of the Jordan blocks of M, let q denote the number of Jordani
blocks of M with eigenvalue m , and let p be the length of the jth ini i j
.decreasing order of size Jordan block of eigenvalue m . Using this nota-i
 . w xtion, the Hilbert series of SrI M may be written 1 as2
qk i1 1 q Az p zi j
Hilb z s q . .  aSr I M . j2  /1 y z1 y z . 1 y z .is1 js1
 .  .XSince Hilb z s Hilb z , where M9 differs from MSr I M 9., z . S9r I M 9.2 d 2
only in that its shortest Jordan block of eigenvalue zero is smaller by one,
 .we have letting m s 0 that1
qk i1 1 q Az p z 1i j
Hilb z s q y , .  a qSr I M 9. j 12  /1 y z1 y z 1 y z .  .1 y z .is1 js1
 .aqq1and therefore their difference is zr 1 y z . On the other hand the
number of variables not appearing in the bottom row of M equals a, the
number of scroll blocks, plus q , the number of scroll blocks with eigen-1
 .value 0. Therefore SrJ y1 is a polynomial ring in a q q variables with1
 .aqq1generator in degree 1, and thus has Hilbert series zr 1 y z . Hence
 i.  . .the sequence above is a short exact sequence and J s I M : z .2 g y1i
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Note. In the lemma it is essential that we choose the shortest of the
Jordan blocks with 0 eigenvalue. For instance, if M is the matrix
z z w w w0 1 0 1 2 /z 0 w w 01 1 2
 .  .then z w s z w y z w q z w g I M , but z is not in the ideal0 2 0 2 1 1 1 1 2 0
generated by the forms of the bottom row of M. On the other hand,
  . .  .I M : z s z , w , w .2 1 1 1 2
THEOREM. Let M be a 2 = n matrix of linear forms such that the general
element of the corresponding matrix pencil is injecti¨ e. Then the minimal free
 .  .resolution of SrI M is 2-linear, and the depth of SrI M as an S-module2 2
 .is the dimension of SrI M where M is the concatenation of the scroll2 sc sc
blocks of M.
Proof. We may assume that M is in Kronecker]Weierstrass form, and
by hypothesis M has no nilpotent blocks. Our proof is by induction on the
total length of the Jordan blocks of M. As observed above, when M has
 .no Jordan blocks, I M defines a rational normal scroll. The Eagon]2
 .Northcott complex associated to M is a minimal free resolution of SrI M2
 .in this case, and SrI M is Cohen]Macaulay in this case, so its depth2
equals its dimension.
To start, pick an eigenvalue l s l from the eigenvalues of the Jordanc
1 0blocks of M. Multiply M on the left by and on the right by the /yl 1
matrix given in Section 3. This transforms the Jordan blocks with eigenval-
ues l , . . . , l into Jordan blocks with eigenvalues l y l , . . . , l y1 c 1 c cy1
l , 0, and preserves the sizes of the scroll blocks.c
Now that one of our Jordan blocks has eigenvalue 0, let
z z ??? z z1 2 dy1 d /z z ??? z 02 3 d
be the shortest block with a 0 eigenvalue, where we drop the superscripts
  . .   . .for convenience. The ideal I M , z equals the ideal I M9 , z , where2 d 2 d
M9 is obtained from M as before. As in the previous lemma we have a
short exact sequence
zd 60 ª SrJ y1 SrI M ª Sr I M9 , z ª 0, .  .  . .2 2 d
where J is the ideal generated by the variables appearing in the bottom
row of M. The total length of all the Jordan blocks of M9 is less than G, so
 .by induction we know the resolution of S rI M9 as an S-module. Since2 2
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 .z itself does not appear in M9, it is a nonzero divisor on SrI M9 andd 2
  . .hence the minimal resolution of Sr I M , z is a mapping cone H over2 d
 .the minimal free resolution of SrI M9 , F. On the left, J is generated by2
a regular sequence of linear forms, so the resolution of SrJ is just the
Koszul complex. As a result we can use the horseshoe lemma to obtain a
 .  .not necessarily minimal resolution of SrI M as pictured below.2
x x x
X Xm m6 .  .  .S y2 S y2 [ H ªH s F y1 [ F1 1 0 1
x x x6 .  .S y1 S y1 [ S ª S
x x x
zd 6 .  .   . .0 ªSrJ y1 SrI M ª Sr I M9 , z ª02 2 d
 .  .The image of the generator of S y1 in SrI M is obviously unneces-2
 .  .sary to generate SrI M , and F9 is 2-linear, so the S y1 factor must split2
X  .off with the F y1 factor of H . However, by comparing degrees, we see0 1
 .that the resulting resolution of SrI M is minimal. By induction, H is2
2-linear, and the Koszul complex is 2-linear as well, so the resolution of
 .SrI M is as well.2
To prove the claim on depth, it is enough by show, by the
  .. a cAuslander]Buchsbaum formula, that pd SrI M s  a q  g .2 is1 i is1 i
  .. a cy1  .By induction, pd SrI M9 s  a q  g q g y 1 , and there-2 is1 i is1 i c
   . . a cfore pd Sr I M9 , z s  a q  g . On the other hand,2 d is1 i is1 i
a c c
pd SrJ y1 s a q g q g y 1 , .  . .   i i i
is1 is1 is1
l /0 l s0i i
since this is the number of variables in the bottom row of the normal form.
  . ..This is less than or equal to pd SrI M , z , and since2 d
pd SrI M s max pd Sr I M , z , pd SrJ y1 , .  .  . 4 . .  . .2 2 d
 .SrI M has the desired depth.2
5. REGULARITY
When the normal form for M possesses nilpotent blocks, we no longer
necessarily have a 2-linear resolution, but we can still extract some
information about the resolution from the normal form for M. In particu-
 .lar we can determine the regularity of SrI M in terms of the relative2
 . asizes of the scroll and nilpotent blocks. Again let a s a , . . . , a g N ,1 a
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with a F ??? F a , be the lengths of the scroll blocks of the normal form1 a
of M, and let b , . . . , b be the lengths of the nilpotent blocks. For any1 b
¨ g N a, and x, y in N, let
a a
aN ¨ , x , y s a w g N ¨ w F x , w s y y 1 . .  i i i 5
is1 is1
ÄLet M denote the matrix obtained from the normal form of M by deleting
Äall of its nilpotent blocks, and let S denote the subring of S generated by
Ä w xthe entries of M. Using this notation, 1 gives the Hilbert series of
 .SrI M as2
b
Hilb z s b z . Sr I M . i2  /
is1
b y1s i
dq N a , b y j, d z q Hilb z . .  .   i Sr I M .2 /2FdFN is1 js0
 .The ideal I M is not saturated; in fact all variables appearing in the2
 .sat   .  j..nilpotent blocks of M are in I M . Conversely J s I M , y is2 2 i
saturated, since we know the resolution of SrJ from the results of Section
 .4, and therefore know that its depth is G1. So the regularity of SrI M2
is the greater of the two quantities
Ä Ä .  .i the regularity of SrI M , which is 2; or2
 .  .ii the highest degree of a socle element of SrI M .2
 4Recall that the socle of a module M is x g M N m x s 0 . From the
 .expression above, ii is equal to the largest value of d for which
 .N a , b y j, d / 0 for some pair i, j with 1 F i F b and 0 F j F b . Sincei i
 .the b 's are in decreasing order, it is clear that ii equals the largest d for
 .  .which N a , b , d / 0, or in other words, ii is1
a a
max 1 q y a y F b . i i i 1 5
is1 is1
Since the a are in increasing order, 1 q a y attains its maximumi is1 i
? @ . ? @when y s b ra , 0, . . . , 0 and this maximum is b ra . Therefore theb 1 b 1
 .regularity of SrI M equals either 2 or2
length of the longest nilpotent block
q 1,
length of the shortest scroll block
whichever is larger.
MICHAEL L. CATALANO-JOHNSON48
This largest d should be achieved by letting a be the smallest length of1
? .@ .a scroll block and let b ra , 0, . . . , 0 be our vector y. This is the1 1
vector with the largest degree which still has a-weight less than or equal to
 .b . So the regularity of SrI M depends only on the ratio between the1 2
largest nilpotent block and the smallest scroll block.
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